A characterization of SL(3, 3), I  by Mason, Geoffrey
JOURXrlL OF ALGEBRA 38, 45-74 (1976) 
A Characterization of SL(3, 3), I 
GEOFFREY MASOX 
Dz’uision qf X~tural Sciences II, U&wsity of Califomi~ at Santa Cmz, 
Santa Crux, California 
Communicated by Walter Feit 
Received IbIay 13, 1974 
1. INTR~DUCTI~X 
One of the unsolved problems in group theory at the present time is the 
classification of all simple groups whose order is divisible by exactly three 
distinct primes. It is a consequence of the N-group paper [19] that these 
three primes can be taken to be (2,3,p} with p = 5, 7, 13, or 17. In this 
paper, we are concerned with the case of p = 13. Of the four possibilities 
for p, this is perhaps the easiest to handle. One reason for this is that the only 
known simple (2, 3, 13)-group is SL(3, 3), so in any inductive situation, 
there is only type of simple group to consider. More technically, any (2, 3, 13)- 
group X is necessarily 13-stable simply because in the contrary case, X 
would have to invoIve SL(2, 13) and thereby, have order divisible by 7. 
This fact is of great importance, for it effectively allows us to use the 
ZJ-theorem (in certain circumstances) without the necessity of a prior 
verification of 13-stability. 
In some unpublished work, Klinger has made great progress in the general 
problem of proving that every finite simple group of order 2a3’13c is 
isomorphic to SL(3, 3). His work is concerned essentially with establishing, 
in a minimal counterexample G, that all 2-local subgroups of G are 2-con- 
strained and that the 2-local 3-rank of G is at most 2 (for the appropriate 
definitions we refer the reader to [S]). More particularly, he has obtained the 
following result : 
THEOREM (Klinger). Supp ose that G is a finite simple (2, 3, 13)-group: all 
of zchose proper simple sections are isomorphic to SL(3, 3). Then, G satisjies 
the follozcilzg: 
(i) Either all 2-local subgroups of G are 2-constraiwd, OY else G has an 
involution t such that 
Cc(t) = (t) x A, A z Aut(SL(3, 3)) 
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(ii) I f  all 2-local subgroups of G are 2-constrained, then G has 2-local 
3-rank at most 2. 
At the time of writing, this work is unfinished, nevertheless, its conclusions 
form the starting point of the following theorem, which is our contribution to 
this problem: 
MAIN THEOREM. Suppose that G is a finite simple group of order 2a3b13c 
that satisfies the follouving conditions: 
(a) All 2-local subgroups of G are 2-constrained. 
(b) No 2-local subgroup of G contains an elementary abelian 3-subgroup 
of order 27. 
Then, G s SL(3,3). 
Most of our notation is standard and follows that of the N-group paper. 
However, we find it convenient to adopt the following notation: Suppose that 
X is a finite group, with p a prime. Tiien, ca(X; p) is the set of elementary 
abelian p-subgroups of X of rank K. We often write cg(X) if the prime p 
referred to is obvious from the context. 
Suppose that A is a subgroup of X, a E A and let q be a prime. Then, 
Hx(A, a; q) is the set of A-invariant q-subgroups Q of X, with the property 
that C,(a) # 1. HZ * (A, a; q) is the set of maximal elements of Hx(A, a; q). 
For each prime p dividing 1 X 1, we define U(p) to be the set of p-subgroups 
P of X such that all elements of order p that centralize P are contained in P. 
Further, we set B(p) = U(p) n cZ(X). Lemma 5.25 of the IV-group paper 
gives a useful property of the elements of B(p). 
Finally, we emphasize that all groups considered in this paper are finite. 
The solvability of groups of odd order [4] is assumed throughout. Lemmas 
from the K-group and odd order papers are hereafter prefixed by N and 0, 
respectively. 
From now on, G is a minimal counterexample to the theorem. 
2. THE CASE SCN~(3) + r.z 
Before beginning the analysis of the case SCNs(3) # @, we record some 
general results. 
LEMMA 2.1. 2 E TT, and O(N) = 1 for ezwy.2~local subgroup N of G. 
Proof. Suppose that SCNa(2) = JZ. By a result of MacWilliams [16], a 
Sylow 2-subgroup T of G is such that every section of T has rank at most 4. 
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Since every proper simple section of G is isomorphic to 5X(3,3), it foIIows 
that aI 2-local subgroups of G are solvable. By a result of janko and Thompson 
[13], we now obtain Gr SL(3, 3), which is not the case. Hence, 
SCXa(2) + z. Since all 2-Iocal subgroups of G are 2-constrained, the lemma 
is completed by results of Gorenstein [9]. 
1;EMMA 2.2. Suppose that R is a 3-subgsoup of G of rank at least 2. Then 
NG(R) is 3-co&rained. 
Proof. Otherwise, N = No(R) is non 3-constrained, in which case 
R = IV~O~(.?V) is also non ?-constrained. Since the group X43, 3) has a 
trivial multiplier, it follows that m has a subgroup Avs = fT x E with 
E E SL(3, 3). Since R has rank at least 2, then iy0 has 3-rank at least 3. Thus, 
O,,(A’) has odd order by the assumption that no 2-local has 3-rank greater 
than 2. 
Now choose an involution x E N such that f f  E E. Since .V centralizes an 
element of order 3 in E, then evidently, CsO(%) has 3-rank at least 3. Hence, -- 
CT(~) = Cx(x) has th e same property and we obtain the contradiction that 
C,(x) has 3-rank at least 3. 
LEMMA 2.3. One of the-following holds: 
(a) SCXa(3) = g. 
(b) Ao elementary abelian subgroup of order 4 centralizes an elmeztary 
abelian subgroup of order 9. 
Proof. Suppose false. Then me have SCX&3) f  5 and moreover, there 
is some TV- E Q(G; 3) such that V centralizes some element L’ E Q(G; 2). 
First, assume that I’ E A(3), so that C,(V) contains an elementaq: abelian 
subgroup of order 27. Set C = &(V). C is 3-constrained by Lemma 2.2 
and furthermore, O,(C) has odd order. Since U < C: then U acts faithfuily 
on some !Y-invariant &-subgroup R of O,,,,(C) and we have 
R = (C,(u) : u E C+>. 
Sow we ma;; assume that K < R, in which case V < C,(u) for all u 5 E-. 
It follows that ‘v’ = Q,(C,(u)) for each such a. As -V, U-1 = 1, then U 
centralizes C,(u) for all U, and hence, t’ centralizes R, a contradiction. 
Yiow;, assume that T/E B(3) and that T is a Sylow 3-subgroup of G 
containing b’. Since XX&T) + 3, then Z(T) is cyclic and Z, = 
Ql(Z(T)) < V. Suppose that C = C’,(Z,) is non 3-constrained. Set 
C = C;‘O,(C). Thus, C has a normal subgroup i? s SL(3,3). As T acts on E 
and E has no outer automorphisms of order 3, it follows that T = T0 x T1 
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with T, f  I and T, = T n i?, a Sylow 3-subgroup of E. But then we have 
Z(T) noncyclic, a contradiction. Thus, we have shown that C is 3-constrained. 
Since C has 3-rank at least 3, then O,(C) has odd order and hence, c acts 
faithfully on R = O,(C). Kow R 4 C, so that g x B acts on R. Since 
LQ1(CR(V)) < r, we find from the P x Q-lemma that c centralizes i?, a 
contradiction, which completes the proof of the lemma. 
For the remainder of this section we assume: 
HYPOTHESIS 2.1. X:1;‘,(3) i :z . 
By Lemma 2.3 we have that part (b) of that lemma must hold. We will use 
this frequently without specific reference to it. Xext we show: 
LE~IA 2.4. All 2-local subgroups of G are solcable. 
Proof. Suppose false, and choose a 2-group K of maximal order such that 
N = XG(K) is not solvable. Thus, K = O,(N) and N/K acts faithfully 
on K. As N is nonsolvable and has 3-rank at most 2, it follows that a Sylow 
3-subgroup R of A’ is isomorphic to a Sylow 3-subgroup of SL(3,3) and 
hence, is extraspecial of order 27 and exponent 3. Moreover, S(M), the 
solvable radical of N, is a 3’-group and ~ti = X/S(:V) is isomorphic to 
SL(3,3) or Aut(SL(3,3)). We choose a subgroup U E Q(R) such that all 
elements of G are conjugate in X. Such a r;’ exists since i? has a subgroup c 
vcith the same properties. We will show that 
t*) C,(U) has 2-rank at most 2 for all u E U+. 
Suppose that (v) is false. Set C = Co(u) with A an elementary abelian 
subgroup of order 8 in C. Now, since SCNa(3) # :Z , then R has a subgroup 
U E Q(R) such that C,(uJ has 3-rank at least 3 for all u, E Lrr+. Hence, we can 
choose 1 f  u E CT n Ur n Z(R). As C has 3-rank at least 3, then O,,(C) has 
odd order. Set C = C/O,(C) and suppose first that C is 3-constrained. 
Hence, -4 acts faithfully on B = O,(C) and B = (Cg(&) j & E Ep(-q)j. By 
Lemma 2.3, we deduce that <a> = ~l(C~(~O)), from which we derive the 
contradiction that -4 centralizes B. Hence, C is not 3-constrained. By. 
Lemma 2.2, O,(C) is cyclic and a Sylow 3-subgroup Rk of C has the shape 
R* = R, x Rz, where R, = O,(C) and (u) = QI(R,). We can assume that 
R < R*. But now me have a contradiction, since u E R’ and also u $ R, > R*‘. 
Thus, we have proved that (“) holds. 
Sow we return to the group K = O,(X), on which R acts faithfully. 
Suppose that K has a noncyclic characteristic elementary abelian subgroup A. 
Then, A Q A:. R cannot centralize A by Lemma 2.3 and hence, A has rank 
at least 12. But then C,(u) has rank at least 3 for some u E i?, against (*). 
It follows that K is of symplectic-type. 
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9ow let 1 f  xEZ(R) < C and consider L = C,(Z). Since L admits R, 
it is an easy consequence of Lemma 2.3 that L is also cf symplectic-type. It 
follows from Hall’s classification of such groups [7] together with a further 
application of Lemma 2.3, that in fact, L is a quaternion group of order 8. 
Thus, C,(U) s Qs f  or each u E I??+. Hence, I K : a(K)/ < 2s. But this is 
impossible, for some element of order 13 acts faithfully on K/ ,Z (.K) and so 
1 K : O(K) i > 21”. The lemma is proved. 
LEMMA 2.5. If  AT is a maxinza~ 2-local subgroup of G, then &(h’) is not cf 
symnplectic-type. 
Proof. This follows from Lemma 2.4 and a theorem of Lundgren [14]- 
LEMMA 2.6. All 3-local subgroups of G are 3-constrained. 
Proof. We only need show that the centralizer of every j-element of G 
is 3-constrained, so suppose that X has order 3 and that C = C,(X) is not 
3-constrained. Thus, C has 3-rank 3 and O,(C) has odd order. Set 
c = C/O,(C). c has a normal subgroup B x E where B = O,(c) is cyclic 
and E is isomorphic to SL(3, 3). Choose an involution a E C such that 
pi E E. As C&a) has order divisible by 3, then C,(a) contains a subgroup E- 
of type (3! 3): where X < V < C. Set H = C,(a), F = O,(H) and supposer 
to begin with, that F contains a noncyclic elementary abelian characteristic 
subgroup A that contains a. By Lemma 2.3, there is some ;L’ E V+ such that 
CA(z!) has rank at least three. Sow V is contained in the center of some 
appropriate S+w 3-subgroup of C; hence, dl = C,(Z,) has j-rank at least 
3 and O.&W) has odd order. Since A,, = C,(r) has 2-rank at least 3, we can 
argue to a contradiction (as in Lemma 2.4) in case M is 3-constrained. 
Otherwise, d/l is not 3-constrained. Set &! = M/Oa(JQ Since A, has rank 
at least 3 and A, centralizes (6) = J&(0,(M)), the only possibility is that 
AZ = Oa(iM) x E*(M), where E”(M) g Aut(SL(3, 3)). Moreover, i A, = 8 
and i -4, = 4 xhere A, = d, n E”(M). Set VI = Ii r? E”(Z). We must 
have 4, = [A1 , VI]. From this, we deduce that IT1 must centralize some 
involution of E(M) = O’(E”(M)), and moreover, a E -12, - i$i . Thus, 
a E E”(M) - E(M). Finally then, me get that Vi centralizes a four-subgroup 
of E*(M) and hence, V has the same property. This again contradicts 
Lemma 2.3, so we have shown that F contains no noncyclic characteristic 
abelian subgroups, that is F is of symplectic-type. 
Finally, let H, be a maximal 2-local subgroup of G which contains H, whh 
F, = 02(H0) since H = C,(a) and F is of symplectic-type, then 
a = Q&T(F))+ and a E Z(F,). As II is faithfully represented on F, the proof 
of the previous paragraph also shows that F0 is of symplectic-q-pe. This 
contradicts Lemma 2.5, so the lemma is proved. 
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LEMMA 2.7. The following conditions hold: 
1 ‘0 involution of G centralizes an elementary abelian subgroup of 
ofder(i! -” 
(b) The centralizer of eaery 3-element of G is solcable. 
Proof. We restrict our attention to the proof of (a), for (b) is a simple 
consequence of it. Hence, suppose that a is an involution of G and V an 
elementary subgroup of order 9 such that [I’, a] = 1. Set C = Cc(a), 
F = O,(C) and suppose that A is a noncyclic elementaq; abelian characteristic 
subgroup of F which contains a. We have [V, A] + 1 by Lemma 2.3, so 
A,, = C,(r) has rank at least 3 for some .z E V. Set H = C,(z). His 3-con- 
strained by Lemma 2.6. 
Sow if H has 3-rank at least 3, the existence of 4, is sufficient to obtain a 
contradiction as in previous lemmas. Thus, we may assume that Ii has 3-rank 
2. In particular, this yields that VE B(3), so that V contains a central 
3-element z # 1. We have C,(z) f  1 and C,(z) admits I;‘. Since C,(z) is 
3-constrained by Lemma 2.6, we find, using Lemma X.5.25 that C,(z) < 
O,(C(z)). This is impossible as C,(z) has 3-rank at least 3, hence, we have 
shown that F is of symplectic type. Finally, we find, as in Lemma 2.6, that 
any maximal 2-local subgroup H,, which contains H is such that O,(H,) is 
also of symplectic type. This again contradicts Lemma 2.5, so the lemma is 
proved. 
LEMMA 2.8. All 3-local subgroups of G are solvable. 
Proof. I f  not, we can choose a 3-group K + 1 of maximal order such that 
.N = X,(K) is nonsolvable. N is 3-constrained by Lemma 2.6 and further- 
more, C(Z(K)) is solvable by Lemma 2.7(b). This latter fact ensures that 
Z(K) has rank at least 3 since Z(K) admits the nontrivial action of an element 
of order 13. 
Next, we show that K is homocyclic abelian. To begin with, choose some 
four-group I7 < N. Then, V acts faithfully on K and C,(a) is cyclic for each 
c E V by Lemma 2.7(a). Kow, since the group KY is supersolvable, the proof 
of Lemma 5.4.14 of [7] shows that each maximal abelian normal subgroup d 
of KV of maximal rank is such that Qr(C,(J&(A))) = Q,(A). 
sow, the maximum rank of such a group A is 3 and we deduce that Z(K) 
has rank 3. In fact, we can say much more, namely, that Q,(Z(K)) = J&(A) 
for every such group A. From this we get that Q,(K) = Q,(Z(K)). Now there 
is a 13-element acting faithfully on Q,(Z(K)), so this element must act 
transitively on the 13 subgroups of K of order 3. By a theorem of Shult [lg], 
K must be abelian, and hence, is homocyclic abelian as required. 
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Xom, set 1T = hi/O,,(M). -4s R acts faithfully on E, then me must have 
that -v/K= SL(3,3). We will show that this extension splits and this will 
follow from the more general fact that any extension of a rank 3 homocyclic 
abelian group M by SL(3, 3) splits. To prove this latter fact, we proceed 
by induction on i M i. A theorem of Gaschiitz [S] and induction reduces us 
to the case that M is elementary abelian. In this latter case, splitting has been 
established by Sah [17]. Th en indeed, the extension ATT/E splits and Av = KL 
with e gg SL(3,3). 
Finally, choose an involution a E N with z EL. Since GE(a) and CK(a) both 
have order divisible by 3, then clearly, C,(u) contains an elementary subgroup 
of order 9: against Lemma 2.7(a). This completes the proof of the lemma. 
LEMMA 2.9. T?ze follomkg corlditions hold. 
(a) G has a nonsokable, 13-constrained 134ocaE subgroup. 
(b) SCXa(13) f  .Z . 
Proof. We prove (a), since (b) is an easy consequence of it. Now G 
certainly has a nonsolvable local subgroup by the X-group paper. By 
Lemma 2.4 and 2.8, G has a nonsolvable 13-local subgroup. We will prove 
that all 13-local subgroups of G are 13-constrained, so suppose false. Let P 
be a maximal nontrivial 13-group such that N = ATo is not 13-constrained. 
Thus, N is nonsolvable, so that O,,(N) = 1. Thus, i\r has a normal subgroup 
P x E, where P = O,,(N) and E g SL(3,3). Choose a subgroup R of E 
such that : R / = 3 and R is contained in the center of some Sylow 3-sub- 
group of E. Hence, R is normalized by a four-group T/T of E and moreover, 
C,(R) has 3-rank at least 3. 
Set H = ATo( Hence, H is solvable by Lemma 2.8. We claim that it is 
not the case that P < O,,(H). For, suppose that P < O,,(H). Since O&I-I) 
has odd order, then O,,(H) = O,,(H). Thus, we either have that P < H, or 
else that P < :V n 03,(H). The first case is impossible as H has 3-rank at 
least 3. In the second case we find that H contains both a Sylow 3- and a 
Sylow 13-subgroup of X, in which case E < H. This being impossible, we 
deduce that indeed, P < Ox,(H). 
But we have, if D = O,,,,(H), that D = (CD(n) j ‘I E I-+>. By Lemma 2.7(a), 
each group C,(n) has a cyclic Sylow 3-subgroup. But P normaiizes C,(Z) 
for each c E V* and so P centralizes 0 ,,,,(H)/O,.(H). As this is impossible, 
the lemma is proved. 
At this point, it is not difficult to show that Hypothesis 2.1 cannot hold. 
However, we prefer to turn our attention to the case SCXs(13) f  2. This 
is satisfied if Hypothesis 2.1 holds (Lemma 2.9(b)), but we need the results of 
the next section in any case. 
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3. THE CASE SCWs( 13) # o 
In this section, we are mainly concerned with the case SCNs(l3) # JZ. 
The first part is devoted to establishing the existence of uniqueness subgroups 
for the prime 13, and our arguments follow rather closely some ideas of 
Bender [3]. It is here that 13-stability plays an essential part. We employ 
the notation established by Bender in [3] and refer the reader to that paper for 
further details. 
We begin with a general result. 
LEMMA 3.1. Suppose that X is a (2, 3, 13}-group, all of whose simple 
sections are isomorphic to SL(3, 3) d an su pp ose that A is a subgroup of A’ with 
A E %?(13). Then, 
(la&l; 13’)) = O,,,(X). 
Proof. 
We suppose that O,,(X) = 1 and try to show that kI,(A; 13’) = (1). 
Thus, suppose that 1 + Q E EI,(A; 4) for some prime 4 E 13’. 
We have F*(X) = O,,(X) x E(X), w h ere E(X) is a direct product of 
copies of SL(3,3) and moreover, that C,(F*(X)) = 2(0,,(X)). Kow, 
Q Q AQ and AQ acts on O,,(X) in such a way that [Q, IL$(ColB(x)(A))] = 1. 
By a slight generalization of the P x Q-lemma, we obtain [Q, O,,(X)] = 1. 
Hence, E(X) f  1. Th us, there must be an element x of order 13 centralizing 
A, x E E(X). Since A ~%?(13), we get x E A, so Q = [Q, x]Co(x). Yote that 
[Q, x] < E(X). Since no nonidentity 13-element of SL(3, 3) normalizes a 
13’-subgroup of SL(3, 3), it follows easily that [Q, x] = 1, so that Q = Co(x). 
Since C,(x) < X, we obtain by induction that 
Q < O,,~(c&)) < o;;(cx(x)) < o:;(x), 
the last inclusion being a consequence of the important result (3.5) of [3]. 
Now, by definition, we have O&?(X) = E(X) O,,(C,r(R)), where R is a 
Sylow 13-subgroup of F*(X). We find that O,,,(C,(R)) = 1, so that 
Q < E(X). Thus, in fact, Q < O,,(CL(x)), where E = E(X). Finally, since 
x E E and E is a direct product, it is easily seen that 
C&4 = E(C&)) x %(C&))> 
in particular, O,,(C,(x)) = 1. This completes the proof of the lemma. 
LEMMA 3.2. Suppose that X is a simple (2, 3, 13)~group, all of whose 
proper simple sections are isomorphic to SL(3, 3). Also suppose that A is an 
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abelian 13-subgrou$ of X with m(A) 3 2, atzd that -4 E %‘(13). Then the 
following conditions hold: 
(a) 0,s~ is a solvable A-signalize functor on X iz the sense ?f [6]. 
(b) If  nz(-4) >, 3, then 013,(C(A)) is transitive on the set H,*(A; q) fo; 
each prime q E 13’. 
Proof. For each a E A’, O,,,(C,(a)) is a (2,3)-group and hence, is 
certainly solvable. Moreover, O,,~(C,(a)) n C,(b) is an A-admissible 13’-sub- 
group of C,(b) for any b E A+. Bp Lemma 3.1, we obtain 
for all such a, b! so (a) follows. 
Finally, (b) is just a restatement of Theorem 3.1 of 163. 
LEMMA 3.3. Let G be a minimal counterexample to the main theorem; 
suppose that 13 E rs(G) u r*(G) and choose some element A E SCW~( 13). Then, 
A nownalizes a unique maximal 13’~subgroup of G. 
Proof. Xs is well known, A ~9?(13), so we can apply Lemma 3.2 to 4. 
Set C(/l) = A x D with D = Ors(C(4)). I f  A normalizes no nontrivial 
q-groups for some prime q E 13’, then Lemma 3.3 is a consequence of 
Lemma 3.2(b). Hence, without loss, we can choose 1 + T E kI,*(z4; 2) and 
1 f  R E &“(A; 3). We first show that 9, = sZ,(4) centralizes R. If  
SCArz(R) = .z this is obvious, since A is a 13-group. Thus, we can assume 
that SGVS(R) f  2;. Th us, the results established in Sectior, 2 are available 
to us. 
As A, acts nontrivially on both R and T, then there are hq-perplanes c’, and 
CT2 in 8, , such that [Cr( Ur), ./lo] # 1 + [C,( Ua), a,]. Set c’ = .Vx n LT2 + 1. 
Sow, C,(U) contains elementary abelian subgroups of orders 8 and 27. By 
the results of Section 2, C(C) is solvable, so let N be a Hall (2, 3)-subgroup of 
C(E). Subgroup Hhas 3-rank at least 3, soF(H) = O,(N) andF(I1) admits the 
faithful action of an elementary abelian subgroup of order 8. This is impos- 
sible by Lemma 2.7(a). Ke have shown that [-4,, R] = 1. As a consequence 
of this and Lemma 3.1, we get that R is a Splow 3-subgroup of O,,,(C,(a)) 
for each a E A,+. 
Sow, bp the transitivity result (Lemma 3.2(b)), we get that C,(a) is a 
Sylow 2-subgroup of O,,,(C,(a)) f  or each a E A,+. Hence, R permutes with 
C,(a) for each a E AO+ and consequently, R permutes with 
T = (C,(a) i a E A,+). 
Now, Lemma 3.3 follows immediately. 
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HYPOTHESIS 3.1. X is a jkite simple (2, 3, 13}-group all of whose proper 
simple sections are isomorphic to SL(3, 3). M oreocer, X satisjies the following 
two conditions: 
(i) P is a Sylou! 13-subgroup of X and SCN~(P) f  .cz . 
(ii) If A E SGV,(P), then Q = (k1,(9; 13’)) is a 13’-group. 
Under the conditions of Hypothesis 3.1, we shall prove 
THEOREM 3.1. Each element of A,(P), i > 1, is contained in a unique 
maximal subgroup of A’. 
Of course, in the context of the Main Theorem, Lemma 3.3 provides the 
verification of condition (ii) if condition (i) is assumed. However, the proof 
of Theorem 3.1 requires only Hypothesis 3.1 and not the full strength of the 
assumptions of the Main Theorem, so it seems worthwhile to consider this 
slightly more general situation. As we have already said, the arguments 
leading to the proof of Theorem 3.1 are due essentially to Bender. We 
start with 
LEMMA 3.4. The follouing conditions hold: 
(a) IV~(Z(J(P))) normalizes Q. 
(b) QNI(Z(J(P))) = M is the unique maximal 13-constrained subgroup 
of X containing any element of SC:Vs(P). 
Proof. First, we remark that J(P) is that subgroup of P generated by all 
abelian subgroups of P of maximal order. Then, A&(Z(J(P))) is 13-con- 
strained, by (3.12) of [3]. Let A and Q be as in Hypothesis 3.l(ii) and set 
N = Xx(Z(J(P))). We have O,,(Ar) < Q and moreover, ,4 < O,,~,,,(N) by 
Lemma 8.1.3 of [7]. Let B be a Sylow 13-subgroup of O,,,,,,(K) that contains 
A. Hence, N = O13r(X)XN(B). Since A < iVzv(B), then NA7(B) must 
normalize Q and so :V normalizes Q. Thus, M = QM is a 13-constrained 
group with Q = O,,(M). 
To prove((b), suppose that there is a 13-constrained subgroup H of X 
such that A < II < iW. Among all such groups H, we may suppose that His 
chosen such that i H n M !ra is maximal. Thus, let R be a Sylow 13-subgroup 
of H n N that contains A. We have that -TX(R) is 13-constrained, so choice 
of H forces R to be a $10~ 13-subgroup of H. Now, H is both 13-constrained 
and 13-stable, so by the ZJ-Theorem [lo], H = O,,,(H) N~(Z(J(R))). We 
have O,,,(H) < Q and so XJZ(j(R))) < M. Thus, we even get 
X’,(Z(J(R))) Q M. Now we can suppose, without loss, that R < P. Since 
Z(P) < A < R, then Z(P) < Z(J(R)) and therefore, ATx(Z(J(R))) is 
13-constrained by (3.12) of [3]. Ch oice of H forces R to be a Sylom 13-sub- 
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group of X, in which case R = P. But then, H < M, a contradiction. This 
completes the proof of the lemma. 
LEMMA 3.5. A is contained in a unique maximal subgroup ?fX. 
Proof. We define 
9 = {K < X \ K = 013,,E(K) and KA = K]. 
We break the proof of Lemma 3.5 into four steps. 
Step 1. If  K ~9, then .A fixes each component of K = K/O,,,(K). 
Proof. We know that K is a direct product of copies of SL(3,3), so wi;e 
may assume that a f  1. Let i? be an A-invariant Sylow 13-subgroup of k’ 
with s a Sylow 3-subgroup of Kz(a). Since iYE = NK(R) is solvable, 
then by Lemma 3.4, A&(R) O,,,(K) is a solvable subgroup of M. Let S, R 
- - 
be the inverse-images in K of S! R respectively. We have that [S n fJ, R] < 
Q n R = O13,(K) and as a consequence, S n Q centralizes 8. But C,(R) = R 
and so S n 0 = O,,,(K). 
how, A < O,,~,,@~). We get [S, A] < O,,,,,,(A) I; IVY < R, hence, 
s normalizes B = AR. Thus, B = CB(s)[E, S]. However, [Bz q < R while 
CB(S) fixes every component of E. Thus, B fixes each component of KY so A 
has the same property. This completes the proof of Step 1. 
Step 2. (K I K E .9?> is a proper subgroup of X. 
Proof. I f  all elements of 9 are 13’-groups, then this !s just a restatement of 
Hypotheses 3.l(ii). Thus, we can assume that some element of 9 is non- 
solvable. In any case, it follows easily from Step 1 that 
K = (C,(B) 1 B f  <,(A)) for all K E 9. 
First, suppose that Q # 1. If  B E Q(A), th en we have Q = (Co(b) 1 b E is@) = 
<Or&C-r(b) j b E W’), as follows from Lemma 3.1. Thus, in this case, 
C,(B) < A’(Q) for all BE: Q(A), . m which case K < (C,(B) I B G E,(A)> f  
Y(Q) < X, as required. 
Sow suppose that Q = 1. In this case, each element of 9 is an E-group. 
By Step 1, there is 1 + K E W and B E Ed, such that E(C,(B)) # 1. Thus, 
E = E(C,(B)) f  1. We will show, in this case, that <K/K E F) < X(E) < X> 
which will complete the proof of Step 2. Choose any 1 + K ~9. By Step 1 
we have K = (E(C,(b)) j b E B*), so it is enough to show that E(C,(b) < 
MI”) for each b E B+. Let B E Be, with B = <6, b,). By the fundamental 
(3.5j of [3], we find that E = E(C(b,) n C(b)) < O&T(C,(b)) = E(C&)), the 
iatter equality holding because Q = 1. Thus, E is the product of those 
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components-of @C,(b)) centralized by b, , so to complete Step 2, it is enough 
to show that E(C,(b)) fixes each component of E(Cr(6)). Set L = E(C,(b) 
and let Es be any component of E(Cr(b)). Thus, E, is a-invariant by Step 1 
and so there is an element 1 + a E E, n A. Since L is also a-invariant, then 
A fixes each component of L by Step 1 again. Let L, be any component of L. 
We find that [L, , a] < L, n E(C,(b)) 4 L, . As L, is simple, then either 
L, < E(C,(b)) or else [L, , a] = 1. Thus, in either case, L, fixes E, . Since L, 
was arbitrary then L fixes E,, as required. This completes the proof of Step 2. 
Step 3. (K K E.%> ~92. 
Proof. Set L = (K 1 K E.@. By Step 2, L is a proper A-admissible 
subgroup of X. We have to shovv that L = O,,,,,(L), so it is sufficient to 
prove that K < O,,T,~(L) for each K ~-2. Choose any K ~g’. By Lemma 3.3, 
we have that O,,,(K) < Q = O,,,(L), so we can suppose that K f  O,,,(K). 
Set K = K/O,,,(K), Y = 2(1(P)). We have that K = [x, Y] E(CE(Y)) by 
(3.4) of [3]. 
Now, let M be as in Lemma 3.4. If  E is the preimage of E(CE(P)) in K, 
then E < ;7f, so we get [E, A] < E n 0 ra,,ra(M) < O,,(M) and so [B, 21 = 1. 
Since Cr(14) is a solvable group, then i? = 1 and as a result, K = [K, Y], 
K = [K, F] O,,,(K). 
Setting L* = F*(L mod Q), let R be an A-invariant Splow 13-subgroup of 
L*. Thus, L = L*XJR) Q LY. But A’JR) is A-invariant and 13-constrained, 
so ATL(R) < M, by Lemma 3.4 and in particular, iVL(R) normalizes QY. As a 
result, L*Y 4 LY, so [K, Y] < O,,I,~(L). It follovvs that K = [K, YJQ < 
O,,,,E(L) as required. 
Step 4. Proof of Lemma 3.5. Let M be as in Lemma 3.4 and L as in Step 3. 
The unique nature of L shows that H = LM is a proper subgroup of X. We 
will prove that LM is the unique maximal subgroup of X that contains A, so 
suppose that this is not the case. Let S be a proper subgroup of X such that 
12 < S and S $ H. By Lemma 3.4, S is not 13-constrained, so that 
O&S) + O,,,,,(S). Let R be an/f-invariant Sylow 13-subgroup of O,,,,,(S). 
We have that S = 0 13,,E(S) :Vs(R). But O1atE(S) < H by Step 3 and the 
definition of H, while lVs(R) is 13- constrained and A-admissible (see [3, 3.51). 
Thus, iiTs < H also, so that S < H. This proves Step 4 and hence, the 
Lemma. 
LEMMA 3.6. Let H be the unique maximal subgroup of X that contains A. 
Then H is the unique maximal subgroup of X that contains any elemnt of 
A,(P), i > 1. 
Proof. For the definition of A,(P), see Definition 2.10 of [19]. Choose i 
minimal, such that some element V E Ad(P) is contained in more than one 
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maximal subgroup of X. For such a pT, choose a subgroup S of X such that 
5,’ < S, S < H and such that ] S n H :rs is maximaly subject to these 
conditions. We may assume that R = S n P is a S-ylow 13-subgroup of 
S n H and choice of S forces R to be a S!;Iow 13-subgroup of S. By 
Lemma 3.5 we have R < P. 
Suppose that S is 13-constrained. Then S = O,,,(S). Xs(Z(](R))) b>r the 
ZJ-theorem. But i IV,(Z(J(R))) II3 > i R j, so we get X’,(Z(J(R))) < H. 
Moreover, minimal&y of i and definition of A,(P) yields C,(z) < H for ali 
B E V+. As O1a(S) = (O,,(S) n C(c) : z: E Sf+>, then O,,(S) < H and 
S < H. Thus, we may assume that S is not 13-constrained, in which case 
Oi3(S) + 013,,E(S). Set R, = O13,,E (S) n R. By the Frattini argument, 
we have S = O,,,,,(S) Ns(R,). By (3.5) of [3], we get that &(RO) is 13-con- 
strained. Hence, the ZJ-theorem yields 
As before, we have Ors(A~&R,-,)) < H and ,Vs(Z(J(R))) < H. Finally, it is 
an easy consequence of (3.11) of [3] that 
013.,E(S) = (O,,,,,(S) n C(V) j ‘z: E P) < H, 
so again, we get that S < H. This completes the proof of Lemma 3.6. 
With Lemma 3.6, we have of course proved Theorem 3.1. xow, xve return 
to our minimal counterexample G. 
HYPOTHESIS 3.2. G satisjk the follozzing conditions. 
(i) SCA’a(13) + ,E . 
(ii) A E SCK~(13) and &(A; 2) + { 1). 
We let P be a Sylow 13-subgroup of G, A E SCX3(P) and choose some 
I + T E &*(A; 2). Let Q be the unique element of &*(A; 13’) and H the 
unique maximal subgroup of G containing A. Thus, Q = O,,,(H) and T is a 
Sylow 2-subgroup of Q. 
We start with 
Proof. Suppose false. Then, .SCL\‘a(3) + d and Hypothesis 2.1 is 
satisfied. By Lemma 2.4, all 2-local subgroups of G are solvable, so 
H = QXH(T) is solvable. However, by Lemma 2.9(a), there is a 13-group P, 
such that P,, < P, SCA’3(P,J + 0, and V(P,,) is nonsolvable. As P,, contains 
an element of A,(P), then N(P,,) < H by Lemma 3.6, so H is nonsolvable. 
This contradiction proves Lemma 3.7. 
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LEMMA 3.8. The folloming conditions hold: 
(a) All 34ocal subgroups of G are solvable. 
(b) His a 13-constrained, 2-local subgroup of G. 
(c) H contains a Sylow 2-subgroup of G. 
Proof. (a) is an immediate consequence of Lemmas 3.7. For (b), suppose 
to the contrary that H is not 13-constrained. Then H is not solvable, so 
O,,(H) = O,(H) by part (a). Furthermore, if B = H/O,,,(H), then f7 has 
a normal subgroup O&ii) x i? with Er SL(3, 3) and m(O,,(R)) > 2. 
Choose V E E%(P) such that 7 < O,,(R) and V n Z(P) + 1 and choose some 
Sylow 3-subgroup R of H. Evidently, a is a Sylow 3-subgroup of B. Now, 
VE A,(P), so X&Z) < H by Lemma 3.6, so R is a Sylow 3-subgroup of G. 
But now, if 1 + z E V n Z(P), then ; G : C,(x)I is a power of 2.4 theorem of 
Burnside contradicts the simplicity of G. Hence, we have shown that H is 
13-constrained. Kext, since T E kI”(4; 2), then d acts faithfully on T. As T 
is a Sylow 2-subgroup of Q and 3 E n, , it is clear that O,(Q) f  1 and hence, 
O,(H) f  1. Thus, (b) is proved. 
To prove (c), we define the subgroup S of H as follovvs: If  H is solvable, 
then S is a Hall (2, 13)-subgroup of I$, while if H is not solvable (but 
13-constrained by part (b)), we let S = O,,,,,,(H)S, , where Ss is a Sylow 
2-subgroup of H. In either case, set S = S,S,, with S, a Sylow r-subgroup of 
H, r = 2 or 13. Thus, S, is a Sylow 2-subgroup of H. Note in either case, that 
SCWa(SrJ f  0. By Lemmas 3 of [15, Section VI], we find that there is a 
characteristic subgroup C f  1 of Ss such that .Xs(C) contains an element 
A,(&,) for some i > 1. By Lemma 3.6, we get ATo < H and it follows 
that S, is a Sylow 2-subgroup of G, as required. This completes all parts of 
the lemma. 
LEMMA 3.9. The follo2(;ing conditions hold: 
(a) All 2-local subgroups of G are sokable. 
(b) H is solvable. 
Proof. Kate that (b) is an immediate consequence of (a) and Lemma 
3.8(b), so we content ourselves with proving (a). Thus, assuming that (a) 
is false, choose a 2-group K + 1 of maximal order subject to Xo(K) being 
nonsolvable. Set N = N(K) and let R b e a Splow 3-subgroup of N. As all 
3-local subgroups are solvable, then R is isomorphic to a Sylow 3-subgroup of 
SL(3, 3). Note that K E &*(R; 2). Let U be any element of Ed. We have 
K E PI,*(U, X; 2) for all x E W. Xow, UE B(3), so C,(U) has a normal 
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3-complement. From Lemmas X.6.2 and X.5.25, we obtain the following 
transitivity theorem: 
O,(C,( C’)) is transitive on I&*( C’, x; 2) for all x E li+. 
The existence of K then tells us that 
O,,( CG( 17)) is transitive on I& *( U; 2 j. 
Hence, &I*( z;T, 2) contains a 3’-number of elements. It follows then, that if 
R* is a Sylow 3-subgroup of G containing R, then X&I;‘) fixes some element 
of &I+( U; 2). Without loss, this element is K, in which case R = ArRT( C). Thus, 
R contains some element G* E U(R*j. Repeating our argument with U* in 
place of c’, we obtain that R = X&U*) = R+. In particular, ; G 1s = 27. 
But now, we get from Lemma 3.8(c) that 1 G : H j < 27 and hence, 
j Gx3 j < 13?, against the fact that sC&(13) f  3. This completes the proof 
of the lemma. 
THEOREM 3.2. Hypothesis 3.2 does not hold. 
Proof. Suppose false. By Lemmas 3.8(a) and 3.9(a), we find that G has a 
nonsolvable 13-local subgroup (here, of course, w-e are using the X-group 
paper), so let P, + 1 be a 13-group such that .XG(PO) is nonsolvable. It is 
a simple consequence of Lemma 3.6 and the fact that H is solvable that in 
fact, P, is cyclic. Let V be an abelian subgroup of type (13> 13) contained in 
II’( with V,, = IT n P, . As A\F(PO) is nonsolvable, then O1&N(PO)) = I 
and in particular, a Sylow 2-subgroup of C( Vt,) is isomorphic to a 2-subgroup 
of Aut(SL(3, 3)). 
Xovv clearly, we can assume that F < P, in which case V = I/, x Z, I 
where 2, = sZ,(Z(P)). SW mce V acts on T, we get 2’ = (C,(z;) 1 B E I+>. 
From the comments of the first paragraph of the proof, we easily get that 
[C,( VJ, Z,] = 1. But all noncentral subgroups of V of order 13 are conjugate 
in P and it follows that [T, Z,,] = 1. This is impossible as A acts faithfully 
on T. Hence? Theorem 3.2 is proved. 
HYPOTHESIS 3.3. G satisfies the following conditions. 
(ij SCALD f  0. 
(iij A E SCNa(l3) and&&4; 2) = (1). 
The next three lemmas assume Hypothesis 3.3. 
LEMMA 3.10. 12’0 2;local subgroup of G contain an elementary abelian 
subgroup of order 13”. 
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PYOO~. I f  the lemma is false, then there is V E Q.(P) such that 
&(V; 2) fi (1). 
Choose 1 + F E EI,*( V; 2). We distinguish between two cases. 
Case 1. V E A,(P) for some i 3 1. In this case, we have from Lemma 3.6 
that X(F) < H. As N(F) is 2-constrained, then N(F) contains an element 
U E U(2) and U centralizes each element of IiI( U; 2’) (see Lemma X.6.1). 
Hence, as II(A; 2) = (11, then F(H) is a 2’-group and [U, F(H)] = 1. We 
get that F*(H) = F(H) x E, where E = E(H) E SL(3, 3) (see [3, Sect. 31). 
Since Ug (2,2), we find that Us = U n E f  1 and moreover, F(H) has 
13-rank at least 2. Thus, Cc(U,,) contains an element of A,(P) for some i, 
in which case C( U,,) < H by Lemma 3.6. But C( U,,) contains an element of 
SCXs(2), against the fact that 2 E z4 . This contradiction concludes Case 1. 
Case 2. V $ A&(P) f  or any i > 1. The elimination of Case 1 allows us to 
assume that I’ $ /fa( 13) for any i 3 1, in which case I/ E B( 13). We can 
assume that XF(17) is a Sylow 13-subgroup of X,(V). Sow, C,(V) has a 
normal 13-complement. Lemma 3.1 and Lemma N.6.2 together prove the 
following transitivit!. result: 
O,,(C,(V)) is transitive on I&*(V, x; 2) for all x E P. 
Suppose that 2 = G$(Z(P)), so that 2 < V and 1 Z / = 13 and further, 
suppose that C,(Z) + 1. Then C,(Z) < H by Lemma 3.6 and so C,(Z) < 
O1&H) by Lemma 3.1. This contradicts the fact that II(A; 2) = (11, so we 
conclude that C,(Z) = 1. As V acts faithfully on F, there are subgroups I’, 
and IT2 of order 13 in I’ such that Vi + I’s and C,( VJ f  1, i = 1, 2. As 
I/, , Va are noncentral subgroups of P, there is an element u E P such that 
Viu = Va and (u, Z) E U(P). 
Suppose that (Ed\ = Vi for i = 1, 2. The above transitivity result tells 
us that EI,“( V, a,; 2) = I&*( V, li:%; 2). Thus, by the definition of u, we find 
easily that u permutes the elements of I&*( V, q; 2) among themselves. But 
there is a 13’-number of such elements by transitivity again, so that u must 
fix one such element. Hence, &(<u, Z); 2) f  (1) and we are in Case 1 
again. This has already been ruled out, so the Lemma is proved. 
LEMMA 3.11. 3 ETA. 
Proo,f Otherwise, we have SCXa(3) f  G?. By Lemma 2.9(a) then, there 
is a subgroup P,, < P such that m(Po) > 3 and N(Po) is 13-constrained but 
nonsolvable. By Lemma 3.6, we get M(P,,) < H, so H is also 13-constrained 
and nonsolvable. As O,,,(H) = 1 by Lemmas 2.4 and 2.6, then H/O,,(H) acts 
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faithfully on O,,(H). As His nonsolvable it follows easily that some involution 
of H has a noncyclic fixed-point subgroup on O,,(H). This contradicts 
Lemma 3.10, so Lemma 3.11 is proved. 
LEMMA 3.12. Let H be as iz Lemmas 3.6. Then, His solvable. 
Proof. Suppose not. By Lemmas 3.10 and 3.11 x3-e find that O,,(H) = 1 
and that H is 13-constrained. Thus, H!O;,(H) acts faithfully on 
O,,(N)/ o (O,,(H)). This latter group must have rank at ieast 4 since HjO,,(H) 
involves SL(3, 3) and we easily get a contradiction to Lemma 3.iO. This 
proves the result. 
The final result of this section is 
THEOREM 3.3. In the minimal counterexample G, 3 E r2 . 
Proof. This is an immediate consequence of the foregoing results. 
Samelj-, suppose that 3 $ ‘5~~ . Since G has a simple section by the Main 
Theorem of [19], then 3 6 zr, so we must have SCXs(3) f  a. By Lemma 
2.9(b), we have that SCXa(l3) f  .z, so either Hypothesis 3.2 or 
Hypothesis 3.3 holds. Hypothesis 3.2 fails by Theorem 3.2, so Hypothesis 3.3 
must hold. But then, 3 E ?~s by Lemma 3.11, which contradiction completes 
the proof of Theorem 3.3. 
4. THE CASE 3 E rz 
In this section, we show that the assumption 3 E ST?: leads to a contradiction. 
In this case, the Main Theorem will be proved (by Theorem 3.3). Thus, 
from now on, me will suppose that 3 E zs . As we have remarked before, it is 
an immediate consequence of this that all 3-local subgroups of G are solvable. 
First we prove 
LEMMA 4. I. A Sylw 3-subgroup of G is isowzorphic to a Syh 3-subgroup 
of SL(3,3). 
Proof. By the classification of X-groups, G must have either a non- 
solvable 2-local or a nonsolvable 13-local subgroup. 
Case (il. G has a nonsolvable 2-local. Let 1 f  K be a 2-group of maximal 
order such that 11: = No(K) is nonsolvable. Thus, K = O@‘) is a Sylow 
2-subgroup of S(X). Let R be a Sylow 3-subgroup of ,X7 and R* a Sylom 
3-subgroup of G, which contains R. We must show that R = R”. 
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Choose cr E Q(R). Since 3 E ~a , we have U E B(3), so from Lemmas N.5.25 
and N.6.2, we obtain that 
O,(C,( V)) is transitive on $!I,*( U, 21; 2) for all 24 E ?P. 
Now, because K E EINx( U; 2), we have, in fact, that K E kIG*( U; 2). As U 
acts faithfully on K, we find that C,(u) + 1 for all u E Us. Thus, the above 
transitivity result tells us, since K E I&*( U, u; 2) for all u E Us, that 
O,(C( U)) is transitive on kI,*( U; 2) 
Since XT,.(U) acts on l&*( U; 2), then XR,( V) must fix some element of 
this set, so we can assume without loss that ArR*( U) < AT. Thus R = lzT,,( V). 
It follows that R contains an element of C(R*), so we may assume, to begin 
with, that U q R”. Hence, R* = X&U) < M and thus, R = R*, as 
required. 
Case (ii). G has a nonsolvable 13-local. Suppose that 1 + K is a 13-sub- 
group of maximal order such that N = N(K) . IS nonsolvable. First, we show 
that K is cyclic. Samely, if K is noncyclic, it is easy to see that SCXa( 13) + ,Z 
and that N contains elements of 4 13) f  or some i 3 1. Since Hypothesis 3.2 
fails bv Theorem 3.2, then Hypothesis 3.3 holds. Thus, if H is as in 
Lemma 3.6, we have that His solvable by Lemma 3.12. On the other hand, 
the existence of N and Lemma 3.6 tells us that H is not solvable. Hence, we 
have shown that K is cyclic. 
Sow, let R be a Sylow 3-subgroup of M with R* a Sylow 3-subgroup of G 
that contains R. Again, \ve must show that R = R*. Sow we have [K, R] = 1 
since N is not 13-constrained, so K < XG(R). Since XG(R) is solvable and 
3E7i2, it is easy to see that K centralizes 0,,,3(~V(R))/03,(N(R)) and hence, 
that K < O,,(M(R)). 
I f  K is not a Sylow 13-subgroup of N(R), then there is a 13-group 
K* < X(R) with K 4 K”. But then, it is easy to see that K* is a Sylow 
13-subgroup of AT, in which case (R, K*) is nonsolvable. This contradicts 
the solvability of N(R), so me have shown that K is a Sylow 13-subgroup of 
N(R). By the Frattini argument, some Sylow 3-subgroup of X(R) normalizes 
K. Thus, R I = :V :a > I N(R)13 . It follows that R is a Sylow 3-subgroup of 
X(R) and hence, of G. This completes the proof of Case (ii), and with it, the 
lemma. 
LEnmA 4.2. Suppose that G has a nonsolzabb 2-local subgroup. Then G has 
a nonsolvable 2-local that contains p Sylow 2-subgroup of G. 
Proof. Let 1 # K be a 2-group of maximal order such that N = IVY 
is nonsolvable. We will show that N contains a Sylow 2-subgroup of G. Now 
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K = O,(X) is a Sylow 2-subgroup of S(N). Let Xz be a Sylow 2-subgroup 
of A’. It is enough to show that J(Xs), the subgroup of Xa generated by the 
abelian subgroup of Xs of maximal rank, is contained in K. 
NOW set 2 = Z(K) and Y = R,(Z) 4 A: and suppose, to begin with, that 
C(Y) is nonsolvable. Now, if G, is a Sylow 2-subgroup of G containing X2 ) 
then Z(GJ < 2, since N is 2-constrained and as a result, C,(z) is non- 
solvable for each involution x E O,(Z(G,))+. By Lemma 4.1, C,(x) has 
index a power of 13 in G and a theorem of Burnside contradicts the simpiiciry 
of G. Thus, C(Y) is solvable. 
If  Lv = I>7/.!K, then 1v = O(Lv) >: z, where z is isomorphic to either 
5X(3, 3) or Aut(SL(3,3)). Let L be the preimage of E in A’. Thus, LY’2 is a 
Sylow 2-subgroup of L. I f  Q is a Sylow 13-subgroup of AI, then Q has order 13 
and Q acts faithfully on Y since C(Y) is solvabie. Hence, T.( Yj 3 12. Sow, 
the argument in Lemma 4.1 of [20] p roves that ,&VJ < K, and the iemma is 
proved. 
LE!KUA 4.3. Suppose that V is an abelian subgroup of type (13, 13) mch 
that HG(VF 2) + {I} and choose 1 + T E I&“( V; 2). Then the jollomkg 
conditions hold. 
(a) 13E7r2. 
(bj :Y(T) contains a SJ’IOW 13-subg~ozp of G. 
(c) S( T> is solGable. 
P~ooj. I f  (a) is false, then SCNa(l3) # z ~ so Hypothesis 3.3 holds. But 
then, the existence of V contradicts Lemma 3.10, so we have 13 E zz . 
From (a) we get V E B( 13), so Lemma 3.1 and the proof of Lemma 5.62 
gives us that 
O1ar(C( V)) is transitive on &I,*( V, a; 2) 
Let P be a Sylow 13-subgroup of G that contains I/, with Z a subgroup of 
order 13 contained in Z(P). Thus, Z < I’. Suppose, to begin with, that 
C,(Zj + 1 and set C = C,(Z). By L emma 3.1, we have C,(Z) ,( O,,,(C), 
so let T” be a P-invariant Sylow 2-subgroup of O,,(C) that contains C,(Z). 
We further define T** via T* < T** EE&*(P; 2). Another application of 
Lemma 3.1 yields that T** E I&*(V, Z, 2), and hence, T** is con+gate to T 
by transitivity. Thus, in this case, we get that I N(T)/,, = j A’(T**)‘,, = j P I 
and (b) follows. 
Hence, u-henever 1 + Z < Z(P), we can assume that CT(Z) L- 1. Since IT 
acts faithfully on T, we deduce that Z(P) is cyclic and in particular, that P is 
nonabelian. Xext, suppose that V 4 P. Then, P,, = C,( 7) has index 13 in P. 
P, acts on I&*(V> E; 2) for each v  E I’*, so as this set has a 13’-number of 
64 GEOFFREY MASOK 
elements, we may assume without loss that P,, normalizes T. Kow there are 
elements F 1 , e, E JT+ such that T E W(V, ai; 2) i = 1, 2, V = (z; , a,), 
CIX = .nj2 for some x E P. By transitivity, we get kI*( J’, z+; 2) = &I*( V, c,; 2); 
so x acts on W( Jr, .cl; 2). Thus, x fixes some element of $I*( J/, vi; 2). By 
transitivity, XC normalizes T for some element c E O,,(C(T’)), so N(T) > 
(PO 7 XC> = L, say. Now, L < ;V(V) and furthermore, j L : C,( 1;): = 13. 
Since C(V) has a normai 13-complement, then L also has a normal 13-com- 
plement, so C,( I’) = O,,,(L)P, . In any case, we have j L & = 13 1 P, j =I P :, 
so again, X(T) contains a Sylow 13-subgroup of G. 
Finally then, in trying to prove (b), we may assume that V + P. Again, 
there are elements “i, ea E V+ satisfying V = (.z, , .~a), T E M”( V, oi; 2) 
i = 1,2 and ~~~~~ = cZ for some x E P. This time, we can choose x so that 
(x, -$(Z(P))) = I;; < P. ;\ow, by transitivity, we have M*(li, r,; 2) = 
PI*(V, vZ; 2), so x acts on PIX(V, al; 2) and hence, fixes some element of 
a%( c‘ , q; 2), sa!; T1 . Hence: cy normalizes T1 . 4s T1 is conjugate to T then 
K(T) contains some element of E(l3), say U*. Now extend T to an element 
T” E I&*( U*; 2). By the argument of the previous paragraph, N(T*) 
contains a Sylow 13-subgroup of G, so V normalizes some conjugate of 
T*. It is easy to see that / T* I = / T I, so in fact T = T* and part (b) is 
proved. 
Turning to (c), suppose that ;V(T) . IS nonsolvable and set N = :1:(T). 
Clearly, we hare T = O,(N). Set 1v = X/T. Since both 3 and 13 lie in 7rs , 
we find that _y must have a normal subgroup i? g SL(3, 3). Thus, E x C,(E) 
has index at most 2 in 17. Since 13 E ~a , the $-low 13-subgroup of C,(E) is 
cyclic. Since N contains a Sylow 13-subgroup P of G by (b), it is clear that P -- 
is abelian. Let 1 + x E P be such that ZE CZ(B). Then, C,v(~) = Cjv(~) and 
C,(x) contains P and a Sylow 3-subgroup of G by Lemma 4.1. Hence, 
/ G : C,(X) is a power of 2, against a theorem of Burnside. This completes 
the proof of (c). 
dt this point, we depart from the main argument to prove the following 
result, a variation on the theme of Lemma X.5.53. 
LE~M 4.4. Suppose that S is a solzyable (2, p}-group z&h p a prime > 7. 
Also, suppose that O(S) = 1 and that S has p-rank at least 2. I f  T is a S’low 
2-subgroup of S, then there is a nonidentity characteristic mbgroup C of T such 
that :lTs(C) has p-rank at leaxt 2. 
Proof. Let P be a Sylomp-subgroup of S, so that S = TP. We will use 
the notation of Lemma N.5.53. Thus, d = max nz(A), where A ranges over 
the abelian subgroups of T. Furthermore, we set J,(T) = (B < T I B is 
abelian and wz(B) 3 d - i) for all i = 0, 1, 2 ,... . 
Now, by Lemma X.5.53, we have S = C,(Z(T)) L\~~(J&T)). I f  either 
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CJZ(T)) or -Y&,(T)) h - ale noncyclic Sylow p-subgroups, 1x-e are done, so 
assume that this is not the case. Since P = C,(Z(T)) IVJJ,(T)), then P is the 
product of 2 cyclic subgroups, so Pis metacyclic by a theorem of Huppert [I l]. 
Hence, Q,(P) is abelian of tlype (p! p) and S has p-length 1. BY induction, we 
may assume that P = QJP). 
We define J(T) (no subscript!) to be the subgroup of T generated bp ail 
elementary abehan subgroups of T of rank d. Finally, set F = O,(Sj, 
2 = Z(F): and Y = QI(Z). Xow, J(T) is characteristic in T. If jT(T) < Fp 
then j(T) = J(F) and we are done. Thus, we can assume that j(T) Q P, 
so there is an elementary abelian subgroup A of T satisfying w(A) = if and 
A < P. Choose a E A - F. By a theorem of Baer and Suzuki [2], a inverts 
an element of order p, so without loss, x%-e can assume that ci inverts x E Pg. 
Nom, x acts on Y, so Y = C,(x) X [Y, x]. As a inverts x, then YO = !I-! x] = 
C,-&z) x Cyo(u)y as 0 f  11 ows from Lemma X.5.44. If  YO + i, thei: m(E,) > 6 
and so I Ya : Cye(a)! > 23. But i A : A n F I < 2” and it follows easily that 
<A 17 F, YJ is an abelian subgroup of T of rank at ieast a’ + 1. This is 
impossible. Hence, Y,, = 1, which shows that x centralizes I‘ and hence, 
also Z(F). Since Z(F) > Z(T), we get that x centralizes Z(T). 
Sest, suppose that d : A n F / = 4. We have S = FLA;(P): so 
T = F3v7=(P). Let A = (A n Fj x A, with A, = <a, E> R-ithout loss. Thus, 
b = jrz with fsF and 11 E _\‘=(Pj. Now, as in the previous paragraph, b 
centralizes a subspace of Y of codimension at most 2, so tz has the same 
property. Since b” = 1, then ns centralizes P, so II indxes an involution on P. 
Since n inverts N, we can choose b so that n inverts? E P - (s>. The argument 
of the last paragraph shows that y  centralizes Z(T), hence, i:x, 3.) = P 
centralizes Z(T) and we are done. 
Thus, w-e can assume that A, = A n F and ] A : A, = 2. Sow jr(F) < S 
so H = O,(Cs(J,(F))) 4 S. Set Z, = Z(,T,(T)). Obviously, we have Z, < 
C,(J,.(F))~ Moreover, if h E H, then [h, AJ = 1: since m(A,) = d - i, so 
[ZI , (12, A,\/] = I. It foliows that [Z, , H] = 1, so Z, < 17 and therefore, 
Z, < Z(H) o S. 
Finally, consider the group <a, r> again. Since Z(H) centraiizes Ai , then 
a must centralize a hyperplane of ,Ql(Z(H)). A previous argument yields 
[Ql(Z(H)), x] = 1. It follows that s centralizes Z(H) and hence, aiso, ZI _ 
Thus, we have shoun that x centralizes both Z(T) and Z, . Since S is a 
(3, 5)‘~group, we have S = C,(Z(T)) LV~(Z,) bg Lemma X.5.53, so we get 
also P = Cp(Z(T)) X&Z,). It follows that P normalizes either Z(T) or Z, , 
so the lemma is proved. 
Xow we can prove 
LEMMA 4.5. Suppose that F is abelinlz cf tF$e (13, 13). Then, 
kI (17; 2) = (1). 
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Proof. Suppose false. Then there is an element FE E~(G; 13) such that 
&(V; 2) f  (1). Let 1 # TEIIo*(V; 2) and set M = X0(T). Among all 
such choices of V and T choose one which maximizes i X(T)], . For such 
a choice of (I’, T), we have that T = O,(N) an d moreover, N is solvable and 
contains a Sylow 13-subgroup of G by Lemma 4.3. Let L be a Hall (2, 13}- 
subgroup of AV. As :V is a 2-local subgroup, then O(lN) = 1, so O(L) = 1 
too. Let L, be a Sylow 2-subgroup of L. By Lemma 4.4, there is a nonidentity 
characteristic subgroup C of L, such that No(C) has 13-rank 2. By choice of 
(V, T) we have ; X(C)!, = i N ‘a an d it follows that N contains a Sylotv 
2-subgroup of G. 
Now, from Lemma 4.1, we get I G : N j < 27, so G is isomorphic to a 
subgroup of Za, . From this we get , G jr3 = 13’. Suppose that G has a 
nonsolvable 2-local subgroup. Th en, by Lemma 4.2, G has a subgroup 
of index 13, an impossibility. Thus, all 2- and 3-local subgroups of G are 
solvable. Hence, G has a nonsolvable 13-local. Such a subgroup is necessarily 
non 13-constrained, so if 1 + x is a 13-element with nonsolvable centralizer, 
we find from Lemma 4.1 that 1 G : C,(x)i is a power of 2. This 
contradicts a theorem of Burnside, so Lemma 4.5 is proved. 
COROLLARY 4.6. Some 2-local subgroup of G has a noncyclic Sylow 3-d- 
Proof. Suppose false. Then we certainly have that all 2-local subgroups of 
G are solvable and by Lemma 4.5, all IL-local subgroups have cyclic Sylow 
r-subgroups for P = 3? 13. This contradicts a theorem of Janko [12]. The 
corollary is proved. 
Until further notice, we will assume 
HYPOTHESIS 4.1. G leas a nonsolvable 2-local subgroup. 
Let 1 + K be a 2-group such that N = i’,(K) is nonsolvable and N 
contains a Splow 2-subgroup of G. The existence of such a K is given by 
Lemma 4.2. Let X be a Sylovv 3-subgroup of N so that R is a Sylow 3-sub- 
group of G by Lemma 4.1. We can assume that K = O&V). It follows 
easily from Lemma 4.5 that X/K is isomorphic to either SL(3,3) or 
Aut(SL(3, 3)j. 
r\‘ext, observe that K E kl,‘<(R; 2). It follows from Lemma X.5.25 that 
K E II,*(R; 2) and K E &*( U; 2) for all U E pa. 
Sext, we prove 
LEMMA 4.7. K = (kI( CT; 3’)) for all GE Q(R). 
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Proof. Fix some L’E ee(R). Since C,(u) # 1 for each zc E ET’+, then 
K E l&*(7;‘, Y; 2) for each u E L+. Lemmas N.5.25 and X.6.2 combine to 
prove that O,(C,( U)) is transitive on J&*( c 2). I f  I&( U; 13) = {l), then 
we clearly have that {K) = kI,*(c 3’) and there is nothing to prove. Thus, 
we can assume the existence of some 1 f  Q E I&*( U; 13). In fact, we may 
choose Q in such a way that 1 + Co(u) is a Sylow 13-subgroup of O,,(Co(ujj 
for some 24 .G L+. Set Q, = Co(u). 
Xow, C,(u) has 2-rank at least 3 and moreover, C,,(u) is a Sylow 2-subgroup 
of O,;(C,(zl)). From Lemmas 4.5 and X.5.34, we find that O,(O,(C(zc))) # 1, 
so Lemma 4.5 yields that Q,, is cyclic. 
Set K,, = O,(O,+(C(u))) and extend Ku to a group .Ki, satisfying the 
following: (a) K1 < K, (b) Kr admits U, (c) KIQO = Q,Kl , (d) Ki I is 
maximal subject to (a), (b), and (c). We will show that Ki = K. In any case, 
&Q, is a group by (c), so extend KIQO to a maximal U-invariant (2, 13)~sab- 
group S. Let S,. be a Sylow r-subgroup of S for r = 2,13, such that 1;1 < SP : 
Q. < S,, and also, SrL’ = S,. for Y = 2, 13. Since O,(S) + 1: then S,, is 
cyclic by Lemma 4.5. As u centralizes -Q1(S,j < Q,) , then u centralizes S,, 
and it follows that Q0 = S,, . 
Kext, we claim that Q, normalizes a nonidentity characteristic subgroup C 
of S, . Indeed, with the notation of Lemma 4.4, it is easily derived from the 
proof of that result that either J(S,) 4 S, or 2(&j 4 S, so we ma!; take C 
to be the appropriate one of these. 
No~v, consider Xi = ATo( We obtain from Lemma 4.5 that S is solvable, 
so S < 0,(X1). Choice of S forces S = O,(;Yrj. From this, it follows that 
S, E I&*( U; 2j, so S,% = K for some x E O,(C( CT)), so K is a Sylow 2-sub- 
group of 0,(X?). I f  Os(C(c,‘)) . IS a 2-group, then x E K, in which case 
S, = K and S = KQ, . Otherwise, some Sylow 13-subgroup of O,,(C(Kjj is 
contained in Qa and we may take x E Q, . In this case; we have that O,(ZV~~~) = 
SaEQaz = KQ, . Hence, we have shown in either case that Q, permutes with 
K, as required. 
Finally, as above, we have that Q0 normalizes a nonidentity characteristic 
stbgroup of K, say C. Hence, since C char K ci S (X as in the comments 
preceding this lemma), we have that X1 = X(C) is nonsolvable. But then, 
I&~.(~ 13) = (l}, as follows from Lemma 4.5. This contradicts the existence 
of Q, and the lemma is proved. 
LEMMA 4.8. N = XG(K) is the unique maximal subgroup of G containin 
ayv element of c2(R). 
Proof. Choose any UE eQ(R). By Lemma 4.7, we have K = <H(LT; 3’):?, 
so clearly, No(U) < .X. Similarly, AiG(R) < M. 
Suppose that S is a solvable subgroup of G that contains Em Bp Lemma 4.7, 
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O,(S) < K. If  U is a Sylow 3-subgroup of S, then S = O,(S) XJ &J < N. 
If  U is not a Sylow 3-subgroup of S and if Ss is a Sylow 3-subgroup of S 
containing U, then C 4 Ss by Lemma 4.1, so Ss < .X(U) < X. Hence, 
if B is a Sylow 3-subgroup of O,,,,(S), then N(B) < M. Thus 
S = O,(S) XJB) < X. We have shown that every solvable subgroup 
containing U lies in X. 
Finally, suppose that L’ is contained in a nonsolvable proper subgroup L of 
G. By Lemma 4.7, OS,(L) < K. Set E = L/O,,(L). Now, if L3 is a Sylow 
3-subgroup of L containing U, then U Q L, so L, 4 N. We have that 
L s SL(3, 3) or Aut(SL(3,3)). In either case, 
and it follows that L = (XL(LO) i L, < L3) O,,(L). Each :VJL,J is solvable 
and hence, is contained in X, by the previous paragraph. Thus, also, L < N 
and the lemma is proved. 
LEMMA 4.9. Let T be a Sylow 2-subgroup of-V (hence, of G). Then, G has 
a maximal subgroup M z&h the follozing properties: 
(a) M is a solcable 2-local subgroup of G. 
(b) T < M. 
(c) M is a (2, ‘}-group, r = 3 or 13 and M has a cyclic Sylou; r-subgroup. 
Proof. First, we prove the following result: 
(*) :Y is not the unique maximal subgroup of G that contains T. Hence, 
suppose that (*) is fal se, in which case :l’is the unique maximal subgroup of G 
that contains T. Under this assumption, we mill prove: 
(**) G has a unique class of maximal 2-local subgroups. 
Suppose that (**) is false. We define Y to be the set of 2-groups F + 1 
of G such that (a) No(F) is not conjugate to a subgroup of M and (b) Nr(F) is 
a Sylow 2-subgroup of :V,#). Since (*) and (**) are false, then Y is nonempty. 
Let Y;; = (FE Y ; N(F) is a maximal 2-local). As 9 is nonempty, then Sp, 
is nonempty. Choose F,, E Y0 , maximizing I X(F& and let T, = ET(F,J. By 
(b), T, is a Sylow 2-subgroup of N(F,). Set X0 = .X~(F,,). 
I f  a Sylow 3-subgroup of X0 has order at least 9, then X,, is conjugate to N 
by Lemma 4.8. Thus, Na has a Sylow 3-subgroup of order at most 3, in 
particular, X0 is solvable. Let Xa be a Sylow 3-subgroup of .A?,, . I f  A’s = 1, 
than Ai0 is a (2, 13)-group, so X,, = C,k70(Z(T,,)) :V,,r,(J,,(T,,)) by Lemma 
N.5.53. In fact, since X0 has a cyclic Sylow 13-subgroup by Lemma 4.5, then 
either Z( T,,) or JO( T,) is normal in No . Let C be that one of these two groups 
that is normal in X,, . As Arc, is a maximal 2-local, we get that N, = Xo(C). 
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As C char. T,, , this forces T,, to be a Sylow 2-subgroup of 6, so T,, = T, ar. 
impossibility. We have shown that Ns has order 3. 
Let :\rls be a Sylow 13-subgroup of :\‘a and suppose that n-i, + 1. We can 
choose AY1a so that A7J~13 is a Hall 2’-subgroup of X0. Suppose that 
[;\‘a, Xra] = 1. By Lemma 4.8, C,(Xa) is conjugate to some subgroup of X, 
so X contains elements of order 39. This is false and x1-r-e deduce that 1V$13 is 
a Frobenius group with Kernel Kra . Since A.170(-V13) is abelian, it follows that 
.X0 has a normal 3-complement, which we can assume without loss is To:%& . 
As in the previous paragraph, X1s normalizes a characteristic subgroup C + 1 
of T,, , so that C c 1Vs . This yields a contradiction as before. We have shown 
that Xra = 1. 
Hence, X0 = T,,Xs . Xow, ~1’~ is clearly a maximal subgroup of G such 
that Xc(TJ < LVO , ] :!J~~ : To i = 3. As G is simple, it acts primitively on the 
right cases of X,, in G and -IT,, has an orbit of length 3 on these cosets. By a 
theorem of Wrong [21], we have a contradiction. 
Thus, we have proved that (**) holds (assuming (*) to be false). But 
Gorenstein [9] has classified all simple groups satisfying ($‘“) and so t-his 
cannot hold. It follows that (*) holds. 
Let M be a maxima1 subgroup of G containing T with d/i + ;T. If  Al has a 
noncyclic S!;low 3-subgroup, then %l is conjugate to X by Lemma 4.8. Kowz 
in Lemma 4.2 me shoTed that JO(T) < K = O,(X) and hence, that 
117 = -\rc(J&T)). In the same way, we have that J,(T) 4 M, so that N = X, 
contradiction. Thus, M must be solvable. As N contains a Sylox 2-subgroup 
of G and 2 E rs , then Oa(M) + 1, so (a) is proved; (bj holds by construction. 
Finally, the same argument as above shows that dl cannot have nontrivial 
Sylow r-subgroups of 1’ both 3 and 13. Thus; part (c) follows and the lemma is 
proved. 
LEMMA 4.10. Let 121 be as in Lemma 4.9. Thm, M is a (2,3}-groz$~. 
Proof. Suppose false. By Lemma 4.9, we get that M is a {2, 13)-group. By 
Lemma X.5.53, we have M = I\r>l(JO(T)) X.v(Z(J1(T)j. As a Sylow 13-sub- 
group of M is cyclic, we deduce that either J,(T) 4 M or ZJ,(Tj a M. We 
will show that both Jo(T) and ZJ1( T) are normal in X7 in which case we obtain 
the contradiction that M < V(C) = N, where C is either “T,(T) or ZJ1(Tj. 
We have already remarked several times that J,,(T) < 3’: so it remains to 
show that ZJ,(T) 0 X. For this, it is sufficient to show that J,(T) < K = 
O,(Nj, for in this case, we get J1( 2”) = J1(K) < N, so that ZJr( Tj CI ,V= Let 
d be the maximum of the ranks of the abelian subgroups of T. If  JT,(T) $ K, 
then there is an abelian subgroup A of T such that ~~(-11) 3 d - 1 and 
A < K. Xow, set -v = N/K, so that R is isomorphic to either SL(3, 3) or 
kt(SLi3, 3)). Th en, m(x) < 3. First, suppose that WZ(-$ = 3, in &this case, 
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there is an involution 8 E &, which inverts an element x of order 13 in K. 
We can assume that x is an element of order 13 in N. Now, consider the 
group S = {K, X, a). I f  Y = -Qi(Z(K)), th en, as we have remarked before, x 
cannot centralize Y, so Y = C,(x) x[Y, X] with Y, = [Y, X] f  1. We have 
S = KATs((x)), so that a = kb, where K E K and b inverts X. As a centralizes 
a subspace of Y of codimension at most four, then b has the same property. 
But, as (b, X} acts on Y1 with x acting fixed-point-free, Lemma N.5.44 yields 
Y,, = CrO(b) x$‘r,(b)“. Hence, ] Ye : CrO(b)j < 2!, a contradiction. We have 
shown that nz(A) < 2. It follows that each element of A - A n K centralizes 
a subspace of Y of codimension at most three. Kow, the argument of 
Lemma 4.1 of [20] again yields a contradiction, which completes the proof of 
the lemma. 
LEMMA 4.11. K is weakly closed in T witlz respect to G. 
Proof. We know that J,,(T) < K. Since Jo(T) is normal in any 2-group 
that contains it, then certainly, J,(T) is weakly closed in T. Suppose that 
KZ < T for x E G. Then, J,,(T)” < T, so that J,(T)” = J,,(T), so that 
x E N&(T)) = X(K), so K” = K, as claimed. 
The following arguments are adaptions of ones that appear in Section 14 
of the K-group paper. We define a set Y of subgroups as follows: S E Y if: 
(a) S is a (2, 3}-subgroup of N, (b) 3 ] 1 S 1, and (c) S has 2-rank at least 3. 
Ke will prove 
LEMXM 4.12. 3’ is the wzique maximal subgroup of G that contains any 
elenzelzt of Y. 
Proof. Suppose that Al is a nonsolvable subgroup of G that contains some 
S E Y. Let 1 # Sa be a Sylow 3-subgroup of S. By Lemma 4.8, we have 
C,(Sa) < N, so 8’ contains some element of Ea(ilt 3), so A1 < X, again by 
Lemma 4.8. Thus, M is the unique maximal nonsolvable subgroup of G that 
contains any element of 9. 
Kom, suppose that Lemma 4.12 is false. We define the set 9 = 
{L < G j L Q 11;; L contains an element of 9). Thus, 9 is nonempty, while 
each element of 8 is solvable by the first paragraph. By Lemma 4.8, each 
element of 9 has a Sylow 3-subgroup of order exactly 3. Choose an element 
L E 9, maximizing first i L n N jB and then 1 L I4 and set L, = L n N. Yaw, 
by definition, L, contains an element S E 9. Obviously, any Hall {2,3}-sub- 
group of L, lies in 9, so we may assume that S is a Hall {2,3}-subgroup of L, . 
Let S, , Sa be Sylow 2- and Sylow 3-subgroups of S, respectively, and let 
(LB, L3} be a Sylow System of a Hall (2,3} subgroup L, of L, such that 
S, <L, and S, < L, . As we have remarked before, Sa = L, has order 3. 
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Case (i). O,(S) < O,(LJ. Here, me get 
s < (S, N(OZ(S)) n O,(L& < X~,(OP(S)) 
and so i No(O,(S))i, > 1 S 1s = IL n X jl . Because Xo(Os(S)) E 2, choice 
of L forces 1 X;,(O,(S)) f7 K !s = \ S Is . We deduce that S, is a Sylow 
2-subgroup of X:,(0,(S)). S ince I< <I X, this forces K < O,(Sj 4 4 Lr . 
By Lemma 4.11, me get that K Q L, , so L, < N. But then, L, = S, so 
O,(L,) = O,(S), rh’ h m rc is ridiculous. Thus, Case (i) cannot hold, 
Case (ii). O,(S) = O,(L,). This time, we get immediately that L, = S, 
since L, = O,(L,) .XL1(Sa). As L Q X, then L = L,Q, where Q is a non- 
identity Sylow 13-subgroup of L. First, suppose that Q is cyclic. Since AL(Q) 
is abelian, then S is 2-closed. As we have remarked before, Q normalizes a 
nonidentity characteristic subgroup C of S, , so that C 4 L and -\‘o(C) E 2. 
Choice of L forces S, to be a Sylow 2-subgroup of G, which is impossible. 
We have shown that Q is noncyclic. 
Now, by Lemma 4.8, we find that O,(L) = 1, soF(L) = Qs is a 13-group. 
But S has 2-rank at least 3 by definition. By Lemma X.5.34, some involution 
centralizes a noncyclic subgroup of Q 0 , against Lemma 4.8. This completes 
the proof of Case (ii) and the lemma. 
Finally, we can prove 
THEOREM 4.1. Hypothesis 4.1 does not hold. 
Proof. Otherwise, let M be the subgroup of G given in Lemma 4.9. By 
Lemma 4.10, M is a (2, 3]-group. Let J/l, be a Sylow 3-subgroup of X with 
F = O,(X) and T a Sylow 2-subgroup of 51. Thus, I T : F ’ = 2. We 1.~31 
show that 
(“1 Ms acts fixed-point-free on F. 
Suppose that (*) is false and let a be some involution of Co{&&). LetL be a 
maximal nonsolvable subgroup of G that contains Xs . Hence, L is conjugate 
to N. By Lemma 4.8, Co(Ms) < L, in particular a EL. Kow, C,(a) has (L-rank 
at least 3, so that C,(a) contains a conjugate of some element of Y. By 
Lemma 4.12, we get that C,(a) <L. However, we also find that C,(a) has 
2-rank at least 3. As C,(a)M-, <L, then M contains a conjugate of some 
element of Y. Lemma 4.12 vields M <L, which is false. Thus? we have 
shown that (*) holds. 
Finally, it is well known, as a consequence of (*), that F has class at most 2. 
Kow, K 4 F by Lemma 4.11 and hence, T = KF. It follows that T;‘K s 
l?,lF 17 K has class at most 2. However, T/K has a subgroup isomorphic to the 
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Sylow 2-subgroup of SL(3, 3). This latter group has class 3, a contradiction, 
which proves Theorem 4.1. 
Henceforth we assume 
HYPOTHESIS 4.2. -4112~local subgroups of G are solzable. 
We start with 
LEMMA 4.13. G has a 13-subgroup Q + 1, satisjjing the follozcing con- 
ditions: 
(a) Q is cyclic. 
(b) C = C,(Q) is nonsolvable. 
(c) C has a subgroup Q x E of index at most 2 in C, with Es SL(3, 3); 
1 N(Q) : C(Q) < 2. 
Proof. By Hypothesis 4.2, the fact that 3 E rr, , and the classification of 
X-groups, G must have a nonsolvable 13-local subgroup. Suppose that G has 
a 13-constrained, nonsolvable 13-local L. Then, SCXs(13) f  o , so Hypoth- 
esis 3.3 holds. Let H be as in Lemma 3.6, which lemma tells us that L is 
conjugate to a subgroup of H, so, in particular, H is nonsolvable. This 
contradicts Lemma 3.12. Thus, all nonsolvable 13-local subgroups are 
non-13-constrained. 
Choose 1 + Q to be a 13-group of maximal order, subject to C,(Q) being 
nonsolvable and set C = Co(Q). Th us, C is non 13-constrained. By Lemma 
4.5, Q is cyclic, so (a) holds and (b) holds by construction. We have that 
O1s(C) = 1, so that C has a normal subgroup Es SL(3, 3). Part (c) follows 
easily and the lemma is proved. 
Let C and Q be as in Lemma 4.13, with R a Sylow 3-subgroup of C and 
retain this notation throughout. By Lemma 4.1, R is a Sylow 3-subgroup of G. 
LEMMA 4.14. Let GE Ed. Then, kIo”(U; 13) = {Q ; x E O,(C(E))). 
Proof. Since Q E lkIGX( U; 13), it follows easily from Lemma 4.13(c), that 
Q EH,*(U; 13). Suppose that 1 f  Q1 EI&*(G; 13). Then, for some 
u E Us, we have that Cc,(~) + 1, so that Cc,(u) < O,(C( U)) by 
Lemma X.5.25. Now, Q is a Sylow 13-subgroup of Os(C(zl)), so that Cop) 
is conjugate in O,(C( U)) to a subgroup of Q. If  we set Q,, = Cc,(u), it follows 
that C,(Q,,) is nonsolvable. As in Lemma 4.13, vve find that Q1 is cyclic and 
centralized by E, hence, Q1 is also a Sylow 13-subgroup of O,(C(F)), and 
Q - Q1 in O,,( C( U)), as required. This proves the lemma. 
LEMMA 4.15. Let U E e&R). Then, U lwrmalizes a unique maximal 
3’-subgroup. 
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Proof. I f  H,( u; 2) = { 11, th is is a consequence of Lemma 4.14, so we can 
suppose that 1 + F E M,v( U, 2). We must shovv that QF’ = FQ. 
XowF as 3 E 7rs, c? E B(3), so Lemmas X.5.25 and X.6.2 give us that 
O&C(U)) is transitive on &I,*( L’, 24; 2) for all zt E V. 
We have C,(U) < 03(CG(z~)). By transitivity, we have that C,(zd) is a Sylotv 
2-subgroup of O&C(u)) whenever C,(U) =+ 1. From Lemma 4.14, it follows 
that Q permutes with C,(U) for all u E P and hence, Q permutes with 
F = (C,(U) ] u E U+\. The lemma is proved. 
THEOREM 4.2. Hypothesis 4.2 does not hold. 
Proof. Bv Corollary 4.6, there is an element C’E E2(Rj, such that 
&(U; 2) + (1). Choose 1 + KEI;I,*(U; 2). By Lemma 4.15, we have 
KQ = QK. Let N be a maximal subgroup of G that contains KQC. Thus, 
KQ = O,(M). Clearly, M is a 2-local subgroup of G and hence, is solvable. 
Nova, A7( U) normalizes KQ, so that A’( CT) < 41 and in particular, R < M. 
From this, we deduce that (KQ] = H,*(V; 2) for all VE e?(R) and hence, 
that N(V) < M for all V E Ed. However, we have, with the notation of 
Lemma 4:13, that E = (NE(V) 1 V s Ed), so that E < ,+I. As Mis sokable, 
this is impossible. Thus, Theorem 4.2 is proved and with it, the main theorem 
of this paper. 
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